Abstract. The purpose of this paper is to investigate the large inductive dimension of the remainder of the Smirnov compactification of R n with the usual metric, and give an application of it.
Introduction
We follow the notation and terminology of [3] and [4] . We say that two compactifications αX and γX of a space X are equivalent provided that there exists a homeomorphism f : αX → γX such that f | X is the identity map on X, and we denote this by writing αX ≈ γX. As usual, X ∼ = Y means that X is homeomorphic to Y . Let Y be a subspace of a metric space (X, d). We denote by d| Y the subspace metric on Y induced by d. A metric d on X is said to be proper if for every r > 0, Cl X B r (x, d) is compact, where B r (x, d) = {y ∈ X : d(x, y) < r}. We use R, Q, Z and N for the reals, the rationals, the integers, and the natural numbers. We write J and I for [0, ∞) and [0, 1] .
By C * (X), we denote the Banach algebra of all bounded real-valued continuous functions on a space X with the sup-norm. It is well-known that there is a one-to-one correspondence between the compactifications of a space X and the closed subrings of C * (X) containing the constants and generating the topology of X. Let U * d (X) be the set of all bounded uniformly continuous functions of a metric space (X, d). Then we note that U * d (X) is a closed subring of C * (X). The Smirnov compactification u d X of a metric space (X, d) is the unique compactification associated with the closed subring U * d (X) of C * (X) and is metric-dependent. Now, we recall the construction of the Smirnov compactifications: Let e : X → f ∈U * d (X) I f be the evaluation map associated with U * d (X), where I f = [inff (X), supf (X)] ⊂ R. Recall that, identifying X with e(X), the closure Cl(e(X)) in f ∈U * d (X) I f and the Smirnov compactification u d X are equivalent. See [6] and [9] for more details. Here, recall the following fact concerning the Smirnov compactifications. Proposition 1.1. [9, Theorem 2.5] Let X be a noncompact metric space with a metric d. Then the following conditions are equivalent:
( The aim of this paper is to investigate the large inductive dimension of the remainder of the Smirnov compactification. The following result is well-known as Smirnov's theorem (See [7] or [6, p.256] 
is the boundary dimension of (X, d). Notice that Smirnov's theorem does not explain the large inductive dimension of u d X X. As usual, if d is proper, then u d X X contains a copy of N * that is the Stone-Čech remainder of N. Thus, we don't know whether dim u d X X = Ind u d X X or dim u d X X < Ind u d X X. In section 2, we calculate the large inductive dimension Ind u dn R n R n of the remainder of the Smirnov compactification of R n with the usual metric d n , and we show that Ind u dn R n R n = n for each n ∈ N. Furthermore, for any noncompact locally compact connected separable metrizable space X, we show that for each n ∈ N, there exists a compatible proper metric d n on X such that dim u dn X X = ind u dn X X = Ind u dn X X = n. In section 3, for any noncompact locally compact separable metrizable space X, we show that there exists a totally bounded metric d n on X such that dim u dn X X = ind u dn X X = Ind u dn X X = n for each n ∈ Z with n ≥ 0, and give an approximation to the Stone-Čech compactification.
The Smirnov remainder generated by a proper metric
Let X be a topological space and A, B a pair of disjoint subsets of X. We say that a closed set L ⊂ X is a partition between A and ( 
Let n, m ∈ N and k ∈ Z with n ≥ k ≥ 0. Denote subspaces Z n k and Z n,m k of R n as follows:
Lemma 2.2. For each n, m ∈ N and each k ∈ Z with n ≥ k ≥ 0, we have the following facts: Proof.
(1) In fact, since Z n 0 = Z n and Z n n = R n , the cases that either k = 0 or k = n is true. Suppose that neither k = 0 nor k = n. Here, we denote by [X] κ the set of all subsets of X with the cardinality κ. Observe that
where Z i = Z and R i = R for i = 1, 2, . . . , n. This indicates that Z n k is the union of countable subspaces each of which are homeomorphic to R k . Then by [4, Theorem 3.
We are now ready to present our main result. 
Thus, there exist sequences x i,0 , x i,1 , . . . ∈ W i ∩ S for i = 0, 1 such that lim k→∞ d(x 0,k , x 1,k ) = 0. We may assume that x i,0 , x i,1 , . . . ∈ L for i = 0, 1. Then there exists an arc P k joining x 0,k and 
Corollary 2.4. Let n ∈ N and d the usual metric on
As an application of Corollary 2.4 we show that for any n ∈ N and any noncompact, locally compact, connected, separable metrizable space X there exists a proper metric d n on X such that dim u dn X X = ind u dn X X = Ind u dn X X = n. Proof. Fix an x 0 ∈ X. Define f : X → J by f (x) = d(x, x 0 ) for each x ∈ X. Since d is proper, f is a perfect onto map. Then g = p • f : X → Y is a perfect map. Let ωX be the one-point compactification of X and let ωX = X ∪ {p ∞ } as a set. Define
It suffices to show that G is closed. Let A be a closed subset of X. Suppose the contrary that Cl ωX×Y G(A) G(A) = ∅. Take a point (x, y) ∈ Cl ωX×Y G(A) G(A). We may assume that x = p ∞ . There exists a sequence {(x n , g(x n ))} n∈N ⊂ G(A) such that x n → p ∞ and g(x n ) → y if n → ∞. Since lim n→∞ f (x n ) = ∞, we may assume that f (x n ) > max{n, f (x 1 ), . . . , f (x n−1 )} for each n ∈ N. By σ-compactness of Y , there exists a compact cover {K n } n∈N of Y such that B 1 (K n , ρ) ⊂ Int Y K n+1 for each n ∈ N. Here, there exists an N ∈ N such that y ∈ K N . Since g is a perfect map, g({x n } n∈N ) K n = ∅ for each n ∈ N, and then lim n→∞ ρ(g(x n ), y) = ∞. This is a contradiction, as claimed.
Let d ωX be a metric on ωX, and let σ((x, y),
Since σ is a proper metric on ωX × Y , by Fact 1, d X is a proper metric compatible with the topology on X. Moreover, we note that (X, d X ) and (G(X), σ| G(X) ) are uniformly equivalent. Thus, by [9, Theorem 2.9 and 2.10],
Notice that for each n ∈ N there exists an ℓ n ∈ N such that g(X B 1/n (p ∞ , d ωX )) ⊂ K ℓn and K ℓn ⊂ K ℓm whenever n < m. Now, we show (1). Fix an n ∈ N and take a point
As f is surjective, there exists an
Then the proof of (1) is complete. To prove (2), take a point z = (x, g(x)) ∈ G(X) ωX × K m . We may assume that m ≥ ℓ n . Since there exists a t ∈ J such that p(t) = g(x),
Then the proof of (2) 
Then the proof is complete.
Question 2.6. Let (X, ρ) be a connected proper metric space such that u ρ X X is connected. Does there exist a compatible metric d on J such that u d J J ∼ = u ρ X X?
A metrizable space is said to be a continuum provided that it is compact and connected. A space is said to be a Peano continuum provided that it is a locally connected continuum. Theorem 2.7. Let X be a noncompact, locally compact, connected, separable metrizable space. Then for any n ∈ N there exists a proper metric d n compatible with the topology on X such that dim u dn X X = ind u dn X X = Ind u dn X X = n.
Proof. By Corollary 2.4 and Lemma 2.5 we only need to construct a perfect map p :
There exists a surjective continuous map
Note that p is well-defined, and is a perfect map. By [9, Theorem 2.9, 2.10 and 4.2], u ρ| p(J) p(J) p(J) ∼ = u ρ J n J n , as claimed.
Smirnov remainder generated by a totally bounded metric
A metric d on X is said to be totally bounded provided that (X, d) is a totally bounded metric space. In this section, we consider totally bounded metric spaces, and provide a counterpart of Theorem 2.7 and an approximation of the Stone-Čech compactification.
Proposition 3.1. Let X be a noncompact, locally compact, separable metrizable space. Then there exists a totally bounded metric d n compatible with the topology on X such that dim u dn X X = ind u dn X X = Ind u dn X X = n for each n ∈ Z with n ≥ 0.
Proof. In the case that n = 0 is clear. By Aarts and Van Emde Boas' result (cf. [1] and [8] ), for any n ∈ N there exists a compactification αX of X such that αX X ∼ = I n . Note that αX is metrizable because αX has countable network weight. Then, let ρ be a suitable metric on αX and let d n = ρ| X . By Proposition 1.1, αX ≈ u dn X, as claimed.
A compact Hausdorff space is a weak Peano space if it contains a dense, continuous image of the real line R. Note that every weak Peano space is not necessarily metrizable. For example, the Stone-Čech compactification βR is a nonmetrizable weak Peano space.
Here, we show the following lemma which is an elaborate version for the locally compact separable metrizable spaces concerning Theorem 3 in [2] . Lemma 3.2. Let X be a noncompact, locally compact, separable metrizable space and K a nondegenerate metrizable weak Peano space. Let A and B be disjoint noncompact closed subsets of X. If there exists a closed copy N of N in X with N ∩ (A ∪ B) = ∅, then there exists a totally bounded metric d compatible with the topology on X such that
Proof. Take points p, q ∈ K with p = q. Let U p and U q be neighborhoods of p and q respectively such that Cl K U p ∩ Cl K U q = ∅. Since K is a weak Peano space, there exists a continuous map f : R → K such that f (R) is dense in K. Take points r p ∈ f −1 (U p ) ∩ Q and r q ∈ f −1 (U q ) ∩ Q. Here, enumerate Q and N as {q n : n ∈ N} and {x n : n ∈ N}, respectively. Define ϕ : N ∪ A ∪ B → Q by
Then there exists a continuous extension ψ : X → R such that ψ| N ∪A∪B = ϕ. Put g = f • ψ. Define e : X → ωX ×K by e(x) = (x, g(x)) for each x ∈ X. Clearly, e is an embedding, and αX = Cl ωX×K e(X) is a compactification of X with K as a remainder. Let d ωX and d K be metrics compatible with the topology on ωX and K, respectively. Here, define a metric Let TBM(X) be the set of all compatible totally bounded metrics on X. Here, we have the following approximation to the Stone-Čech compactification. Proposition 3.3. Let X be a noncompact, locally compact, separable metrizable space. Then we have the following approximation to the Stone-Čech compactification of X for each n ∈ N:
βX ≈ sup{u ρ X : dim u ρ X X = ind u ρ X X = Ind u ρ X X = n and ρ ∈ TBM(X)}.
Proof. Since X is locally compact separable metrizable, there exists a proper metric d compatible with the topology on X (cf. [5, Lemma 3.1]). Let A and B be disjoint closed subsets of X. We may assume that neither A nor B is compact. Then we can take a closed copy N = {x n : n ∈ N} of N in A such that {B 1/2 (x n , d) : n ∈ N} is discrete in X because A is not compact. Put A 0 = A n∈N B 1/2 (x 2n−1 , d) and A 1 = A n∈N B 1/2 (x 2n , d). Since {A 0 , B} and {A 1 , B} are two pairs of disjoint closed subsets of X and both N 0 = {x 2n : n ∈ N} and N 1 = {x 2n−1 : n ∈ N} are closed copies of N, we can apply Lemma 3.2 to {A i , B}, N j and I n for i, j = 0, 1 with i = j. Fix an n ∈ N. Then there exists a totally bounded metric d i on X compatible with the topology on X such that u d i X X ∼ = I Since δX ≥ γX, Cl δX A ∩ Cl δX B = ∅ for each disjoint closed subsets A, B of X. This is a characterization of the Stone-Čech compactification of the normal spaces, and then δX ≈ βX, as claimed.
